Finding all Convex Cuts of a Plane Graph in Cubic Time H 
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Abstract 

In this paper we address the task of finding convex cuts of a graph. In addition to the theoretical 
value of drawing a connection between geometric and combinatorial objects, cuts with this or related 
properties can be beneficial in various applications, e. g., routing in road networks and mesh partitioning. 
It is known that the decision problem whether a general graph is fc-convex is ./VP-complete for fixed k > 2. 
However, we show that for plane graphs all convex cuts (i.e., k — 2) can be computed in polynomial 
time. To this end we first restrict our consideration to a subset of plane graphs for which the so-called 
alternating cuts can be embedded as plane curves such that the plane curves form an arrangement of 
pseudolines. For a graph G in this set we formulate a one-to-one correspondence between the plane 
curves and the convex cuts of a bipartite graph from which G can be recovered. Due to their local 
nature, alternating cuts cannot guide the search for convex cuts in more general graphs. Therefore we 
modify the concept of alternating cuts using the Djokovic relation, which is of global nature and gives 
rise to cuts of bipartite graphs. We first present an algorithm that computes all convex cuts of a (not 
necessarily plane) bipartite graph H' — (V, E) in 0(|Z?| 3 ) time. Then we establish a connection between 
convex cuts of a graph H and the Djokovic relation on a (bipartite) subdivision H' of H . Finally, we use 
this connection to compute all convex cuts of a plane graph in cubic time. 

Keywords: Plane graphs, convex cuts, Djokovic relation, partial cubes, bipartite graphs 

1 Introduction 

A convex cut of a graph G = (V, E) is a partition of V into V\ and Vi such that both subgraphs of G 
induced by V± and V2 are convex. A convex subgraph of G, in turn, is a subgraph S of G such that for any 
pair of vertices v, w in S all shortest paths from v to w in G are fully contained in S. Following Artigas et 
al. PQ, a convex /c-partition in a graph is a partition of the vertex set into k convex sets. If G has a convex 
fc-partition, then G is said to be k- convex. Deciding whether a (general) graph is fc-convex is A/'P-complete 
for fixed k > 2 pQ. Moreover, given a bipartite graph G = {V,E) and an integer k, it is A/'T-'-complete to 
decide whether the largest convex set ^ S C V has at least k vertices [5] . 

The fundamental notion of convexity in graphs can be used to draw a connection to continuous objects 
in a metric space. Note that there exists a different notion of convexity for plane graphs. A plane graph 
is called convex if all of its faces are convex polygons. This second notion is different and not object of 
our investigation. The notion of convexity in acyclic directed graphs, motivated by embedded processor 
technology, is also different [2]. There, a subgraph S is called convex if there is no directed path between 
any pair v, w in S that leaves S. In addition to being directed, these paths do not have to be shortest paths 
as in our case. 

Graph partitions with particular properties are of high interest in many applications [3] . Sample appli- 
cations that potentially benefit from convexity of a cut are parallel numerical simulations. For some linear 
solvers used in these simulations, the shape of the partitions, in particular short boundaries, small aspect ra- 
tios, but also connectedness and smooth boundaries, plays a significant role Convex subgraphs typically 
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admit these properties. Another example is the preprocessing of road networks for shortest path queries by 
partitioning according to natural cuts [6] . The definition of a natural cut is not as strict as that of a convex 
cut, but they have a related motivation. 

Both from a theoretical point of view and due to the practical importance, it is natural to ask whether 
the time complexity of finding convex cuts is polynomial for certain types of inputs. In this paper, we focus 
on plane graphs as they are important in a large number of applications. Their special structure gives rise to 
the hope that finding their convex cuts is fundamentally easier. To the best of our knowledge, there exists 
no polynomial-time algorithm yet for computing convex cuts of plane graphs. 

1.1 Related Work 

Artigas et al. PQ show that every connected chordal graph G = (V, E) is /c-convex, for 1 < k < \V\. They also 
establish conditions on | V| and p to decide if the pth power of a cycle is fc-convex. Moreover, they present a 
linear-time algorithm that decides if a cograph is A;-convex. 

Our method for finding all convex cuts of a plane graph G is motivated by the work in Chepoi et al. [5] 
on the links between alternating and convex cuts of plane graphs. Plane graphs usually have alternating cuts 
that are not convex and convex cuts that are not alternating. Proposition 2 in [5] characterizes the plane 
graphs for which the alternating cuts coincide with the convex cuts in terms of a condition on the boundary 
of any alternating cut. In this paper we represent the alternating cuts as plane curves that we call embedded 
alternating paths (EAPs) - any EAP partitions G exactly like the alternating cut it represents. In contrast 
to [5], however, we focus on the intersections of the EAPs (i. e., alternating cuts). 

If any pair of EAPs intersects at most once, we have a slight generalization of so-called arrangements of 
pseudolines. The latter arise in discrete geometry, computational geometry and in the theory of matroids [J. 
Duals of arrangements of pseudolines are known to be partial cubes - a fact that has been applied to graphs 
in [3], for example. For basics on partial cubes we rely on the survey [T2]. The following basic fact about 
partial cubes is crucial for our method for finding convex cuts: partial cubes are precisely the graphs that 
are bipartite and on which the Djokovic relation [7] is transitive. 

1.2 Paper Outline and Contribution 

In Section[3] we first represent the alternating cuts of a plane graph G = (V, E), as defined in [5], by EAPs. 
The main work here is on the proper embedding. We then study the case of G being well-arranged, as we call 
it, i. e., the case in which the EAPs form an arrangement of pseudolines, or a slight generalization thereof. 
We show that the dual Gs of such an arrangement is a partial cube and reveal a one-to-one correspondence 
between the EAPs of G and the convex cuts of Gs. Specifically, the edges of Gs intersected by any EAP 
form the cut-set of a convex cut of Gs ■ Conversely, the cut-set of any convex cut of Gs is the set of edges 
intersected by a unique EAP of G. 

The one-to-one correspondence between the EAPs of a well-arranged graph G and the convex cuts of 
bipartite Gs suggests that, for the case in which G is more general, it might be helpful to employ a bipartite 
graph that can be turned into G by taking a subgraph and contracting vertices of degree two. We choose 
the simplest way to generate such a graph G", i. e., we subdivide any edge of G. Before we find all convex 
cuts of plane G using G', we show in Section 0] that all convex cuts of a bipartite graph G' = (V, E') can be 
found in C(|S'| 3 ) time, even if G is not plane. The fact that we can compute all convex cuts in bipartite 
graphs in polynomial time is no contradiction to the A/'T-'-completeness of the decision problem whether the 
largest convex set in a bipartite graph has a certain size. In a convex cut both subgraphs have to be convex, 
while a convex set S makes no assumptions on V \ S. The key to finding all convex cuts of a plane graph is 
a theorem that holds for non-plane graphs, too. In particular, we characterize convex cuts of G in terms of 
two relations, one on G and one on G' . The latter is the Djokovic relation. 

The results of Section 2] are then used in Section [5] to find all convex cuts of a plane graph G = (V,E). 
As in the case of well-arranged graphs, we iteratively proceed from an edge e to another edge opposite to a 
face bounded by e, and the number of such cuts is bounded by 2\E\. This time, however, "opposite" is with 
respect to the Djokovic relation on G' . Thus we arrive at a set of potentially convex cuts, which includes all 
convex cuts. It remains to check whether the potentially convex cuts are actually convex. This can be done 
in C(|V^| 2 ) time per potentially convex cut, totalling up to 0(|V^| 3 ) for all such cuts. 



8 . 2 Preliminaries 

90 Our methods for finding all convex cuts apply to finite, undirected, unweighted, and connected graphs that 

91 are free of self-loops and whose vertices all have degree greater than one. The last two conditions are not 

92 essential: self-loops have no impact on the convex cuts, and any edge on a dead-end path toward a degree-one 

93 vertex gives rise to a trivial convex cut that does not interfere with the non-trivial convex cuts. We often 

94 associate a cut (Vi, V2) with its cut-set, i. e., the set of edges running between V\ and V^. 

95 If G is plane, we may identify V with a set of points in M 2 and E with a set of plane curves that intersect 

96 only at their end points, which, in turn, make up V . For e £ E with end points u, v (u/ v) we sometimes 

97 write e = {u, v} even when e is not necessarily determined by u and v due to parallel edges. F^, denotes the 

98 unbounded face of G and, if F is a face of G, we write E(F) for the set of edges that bound F. 

99 We denote the standard metric on G by cfc(-, •)■ In this metric the distance between u, v £ V amounts to 

100 the number of edges on a shortest path from u to v. A subgraph S = (Vs,E$) of a (not necessarily plane) 

101 graph H is an isometric subgraph of H if ds{u, v) = du{u, v) for all u, v £ V5. 

102 Following [7] and using the notation in [T2], we set 

W xy = {w £ V : d G (w, x) < d G (w, y)} \f{x, y} £ E. (1) 

103 Let e = {x, y} and / = {u, v} be two edges of G. The Djokovic relation 9 on G"s edges is defined as 

104 follows: 

e 9 f <^> / has one end vertex in W xy and one in W yx . (2) 

105 The Djokovic relation is reflexive, symmetric [14], but not necessarily transitive. The vertex set V of G 
ioe is partitioned by W a b and Wba if and only if G is bipartite. 

107 A partial cube G q = (V q ,E q ) is an isometric subgraph of a hypercube. For a survey on partial cubes 

108 see [T2]. Partial cubes and 9 are related in that a graph is a partial cube if and only if it is bipartite and 9 

109 is transitive [12] . Thus, 9 is an equivalence relation on E q , and the equivalence classes are cut-sets of G q . 
no Moreover, the cuts defined by these cut-sets are precisely the convex cuts of G q [T5]. If (V^ 1 , V 2 ) is a convex 
in cut, the (convex) subgraphs induced by V q x and V 2 are called semicubes. If 9 gives rise to k equivalence 

112 classes Eg, . . . E q , and thus k pairs (5* , SI) of semicubes, where the ordering of the semicubes in the pair is 

113 arbitrary, one can derive a so-called Hamming labeling b : V q n> {0, l} k by setting 

Kv)i = [ 1 iiveS i (3) 

4 In particular, dc q {u,v) amounts to the Hamming distance between b(u) and b(v) for all u,v £ V q . This 

5 is a consequence of the fact that the corners of a hypercube have such a labeling and that G q is an isometric 
e subgraph of a hypercube. 

7 A half-cube H is a graph whose vertices correspond to the vertices in one part of a bipartite representation 

8 of a partial cube Q. Two vertices of H are adjacent in H if their distance in Q is two [S]. 



in 3 Partial Cubes from Embedding Alternating Paths 

120 In Section 13.11 we define a multiset of (not yet embedded) alternating paths that are analogous to the 

121 alternating cuts defined in [5]. Section 13.21 is devoted to embedding the alternating paths into K 2 . In 

122 Section |3"U1 we study the duals of these embeddings and show that they are partial cubes. 

123 3.1 Alternating Paths 

124 Intuitively, an EAP P runs through a face F of G such that the edges through which P enters and leaves 

125 F are opposite — or nearly opposite because, if |-E(.F)| is odd, there is no opposite edge, and P has to make 

126 a slight turn to the left or to the right. The exact definitions leading up to (not yet embedded) alternating 

127 paths are as follows. 
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Figure 1: Primal graph: Black vertices, thin solid edges. Dual graph: White vertices, dashed edges, (a) 
Multiset V(G) of alternating paths: Red vertices, thick solid lines. The paths in V(G) are colored. In this 
ad-hoc drawing all alternating paths that contain a vertex Va (edge e of G) go through the same point on e, 
i. e., where a red vertex was placed, (b) Collection £ (G) of EAPs: Red vertices, thick solid colored lines. 



128 Definition 3.1 (Opposite edges, left, right, unique opposite edge). 

129 Let F Frxj be a face of G, and let e, / G E(F) . Then e and f are called opposite edges of F if the lengths 

130 of the two paths induced by E(F) \ {e, /} differ by at most one. If the two paths have different lengths, f is 

131 called the left [right] opposite edge of e if starting on e and running clockwise around F, the shorter [longer] 

132 path comes first. Otherwise, e and f are called unique opposite edges. 

133 Definition 3.2 (Alternating path graph A(G) = (Va,Ea))- 

134 The alternating path graph A(G) = (Va,Ea) of G = (V, E) is the (non-plane) graph with Va = E and Ea 

135 consisting of all two-element subsets {e, /} of E such that e and f are opposite edges of some face F ^ F^. 

136 

137 The alternating path graph defined above will provide the edges for the multiset of alternating paths 

138 defined next. We resort to a multiset for the sake of uniformity, i.e., to ensure that any edge of G is 
i3o contained in exactly two alternating paths (see Figure |TJl) . 

140 Definition 3.3 ((Multiset V(G) of) Alternating paths in A(G)). 

141 A maximal path P = (v A , e\, v\, . . . e^ _1 , v A ) in A(G) = (Va, Ea) is called alternating if 

142 • v l A and v A +1 are opposite for all 1 < i < n — 1 and 

143 • if v l A +1 is the left [right] opposite of v\, and if j is the minimal index greater than i such that v° A and 

144 v a +1 are n °t un iq ue opposites (and j exists at all), then v A +1 is the right [left] opposite of v A . 

145 The multiset V(G) contains all alternating paths in A(G): the multiplicity of P in V(G) is two if v l A x is a 

146 unique opposite of v A for all 1 < % < n — 1, and one otherwise. 

147 3.2 Embedding of Alternating Paths 

148 In this section we show that the alternating paths in V(G) can be embedded into R 2 such that any edge 
140 {e, /} of any path in V(G) turns into a non-self-intersecting plane curve with one end point on e and the 
150 other end point on /. Moreover, for any face F of G any pair of embedded paths intersects at most once in 
lsi the filled polygon F = F U E(F). A path in P(G) with multiplicity m <E {1,2} gives rise to m embedded 

152 paths. Visually, we go from Figure [T^, to Figure [TJs. 

153 In the following we set rules for embedding alternating paths locally, i. e., into F . Later on we will make 

154 sure that the locally embedded paths fit together at the face boundaries. We formulate the rules only for 
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iE5 faces whose boundaries are regular polygons. We may do so because all filled polygons in M 2 (with the same 

156 number of sides) are homeomorphic — a consequence of the Jordan- Schonflies theorem [13] . Thus, we may 

157 embed the alternating paths first into a regular polygon F r and then map the embedded paths from F r into 

158 P using a homeomorphism from F r onto F . The homeomorphism will not affect the intersection pattern of 

159 the local embedding, i. e., information on which paths intersect in F or hit an edge in E(F). The intersection 

160 pattern in F r will depend not only on F r , but also on the cyclical order in which the EAPs from outside F r 

161 hit E(F). For examples see Figures [5Jd,c and Figure [5^,. 
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163 Embedding Rules. We call a face F of G even [odd] if |P(P)| is even [odd]. The rules for embedding 

164 alternating paths locally are: 

165 1. The part of an EAP that runs through F r is a straight line, and EAPs cannot coincide in F r . 
lee 2. An EAP can hit e G E(F r ) only at e' s relative interior, i. e., not at e's end vertices. 

167 3. If two EAPs share a point p on an edge e G P(P r ), they must cross at p and not just touch. 

168 4. Let F r Foo be an even face of G, let e, / be unique opposite edges in E(F r ). and let Pi,p2 be the 

169 two non-embedded alternating paths in V(G) that contain the edge {e, /} (Pi = Pi if and only if the 

170 multiplicity of P\ is two). Then the parts of embedded P\ and P2 that run through F r must form a 

171 pair of distinct parallel line segments (see Figure [2^) ■ 

172 5. Let F r ^ Foo be an odd face of G, let e G P(P r ), and let Pi, P2 G V(G) be the two paths that contain 

173 the vertex e. If e also bounds an even bounded face, embedded Pi, P2 must hit e at two distinct points. 

174 If the other face is a bounded odd face, embedded Pi,p2 must hit at a point on e. (see Figures (2b, c). 

175 6. Let e be an edge of G that separates Poo from a bounded face, and let Pi, P2 G V(G) be the two paths 

176 that contain the vertex e. Then, embedded Pi,P2 must hit e at two distinct points (see Figures [2Jd,c). 

177 We now map the embedded paths from any F r into F using a homeomorphism from F r onto P. The 

178 following is about tying the loose ends of the locally embedded paths, which all sit on edges of G, so as to 

179 arrive at a global embedding of the alternating paths (see Figures |3Jd,c). Let e G E(G), and let P, F' be 
lso the faces of G that are bounded by e. We have two locally embedded paths Pp,Pp in P and two locally 

181 embedded paths Pp,,Pp, in F' that all hit e. If P and F' are bounded odd faces, we bend the four paths 

182 such that they all hit the same point q on the interior of G (for details see below). Otherwise, let the 

183 end point of Pp, Pp, Pp,, and Pp, be denoted by pp, pp, pp,, and pp, , respectively. Due to having used 

184 homeomorphisms to obtain the embedded paths in P and P', it holds that pp ^ pp and pp, ^ pp, . Let 

185 e = {u, v}, and let q±, qi be points on the interior of e such that q\ is closer to u than 52- Without loss of 

186 generality we may assume that pp is closer to u than pp and that pp, is closer to u than pp, . We now bend 

187 pp and pp, [pp and pp,] toward q\ [(72]- 

188 It remains to show that the bending operations above can be done such that the intersection patterns do 

189 not change in the interiors of P and F' . Recall that the paths are homeomorphic to straight line segments. 
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Figure 3: (a) Hexagonal face with the same intersection pattern as in Figure^, (b.c) Bending of alternating 
paths is indicated by the dashed colored lines. For the notation see the text, (b) Bending toward a single 
point q on e. (c) Bending toward two points (71,(72 on e. 



190 Thus, there exists e > such that all locally embedded paths in F and F' other than Pp, Pp, Pp,, and Pp, 

191 keep a distance greater than e to e. The bending, in turn, can be done such that it affects Pp, Pp, Pp,, and 

192 Pp, only in an e-neighborhood of e. 

193 Notation 3.4. The collection of globally embedded alternating paths (EAPs) is denoted by £{G) (see again 

194 Figures \^>, c). 

195 The EAPs in Figure [TJj are special in that they form an arrangement in the following sense. 

196 Definition 3.5 (Arrangement of alternating paths, well-arranged graph). 

197 £ (G) is called an arrangement of (embedded) alternating paths if 

198 1. none of the EAPs is a cycle, 

199 2. none of the EAPs intersects itself, and 

200 3. there exist no paths P± =/= P2 G £{G) such that Pi n Pi contains more than one point. 

201 We call a plane graph G well-arranged if £(G) is an arrangement of alternating paths. 

202 The notion of an arrangement of alternating paths can be seen as a generalization of the notion of an 

203 arrangement of pseudolines (J . The latter arrangements are known to have duals that are partial cubes [5] . 

204 3.3 Partial Cubes from Well-arranged Graphs 

205 The purpose of the following is to prepare for the definition of a graph Gs (see Definition 13. 7|) , which will 
2oe turn out to be a partial cube if G is well-arranged. In this case we are able to determine all convex cuts of 

207 Gs . 

208 Definition 3.6 (Domain D(G) of G, facet of £{G), adjacent facets). 

209 The domain D(G) of G is the set of points covered by the vertices, edges and bounded faces of G. A facet of 

210 £{G) is a (bounded) connected component (inM 2 ) of D(G) \ (Uee-E(G) e U V) v eV{G) v )' Two facets of £{G) 

211 are adjacent if their boundaries share more than one point. 

212 In the following DEAP stands for Dual of Embedded Alternating Paths. 

213 Definition 3.7 (DEAP graph G £ of G). 

214 A DEAP graph Gg of G is a plane graph that we obtain from G by placing one vertex into each facet of 

215 £{G) and drawing edges between a pair (u,v) of these vertices if the facets containing u and v are adjacent 

216 in the sense of Definition \3.6\ A vertex of Gg can also sit on the boundary of a face as long as it does not 

217 sit on an EAP from £{G) (for an example see the black vertex on the upper left in Figure^p). 
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Figure 4: DEAP graph Gg of the primal graph G shown in Figure QJ,. (a) Collection £(G) of EAPs: Red 
vertices, thick solid colored lines. DEAP graph Gg: Black, gray and white vertices, thin black solid lines. 
The black, gray and white vertices are the primal, intermediate and star vertices, respectively. The dashed 
polygonal line delimits D(G). (b) Gg only. The red edge, however, is an edge of G. The path formed by the 
two bold black edges is an example of a path in Gg of length two that connects two primal vertices that are 
adjacent in G via an intermediate vertex in Gg. 

218 Since we are not interested in the exact location [course] of Gg's vertices [edges], there exists basically 

219 one DEAP graph of G. Due to the intersection pattern of the EAPs in G"s bounded faces, as specified in 

220 Section [XU and illustrated in Figure [5J there are the following three kinds of vertices in V(Gg): 

221 Definition 3.8 (Primal, intermediate and star vertex of Gg). 

222 • Primal vertices: Vertices which represent a facet that contains a (unique) vertex v of G in its interior 

223 or on its boundary. As we do not care about the exact location of Gg 's vertices, we may assume that 

224 the primal vertices of Gg are precisely the vertices of G. 

225 • Intermediate vertices: The neighbors of the primal vertices in Gg . 

226 • Star vertices The remaining vertices in Gg. 

227 For an example of a DEAP graph see Figure HJ where the black, gray and white vertices correspond to 

228 the primal, intermediate, and star vertices, respectively. 

220 Theorem 3.9. The DEAP graph Gg of a well-arranged plane graph G is a partial cube. 

230 Proof. We denote the Hamming distance by h(-, ■). To show that Gg = (Vg, Eg) is a partial cube, it suffices 

231 to specify a labeling I :Vg ^> {0, 1}™ for some n £ IN such that dG £ (u,v) — h(l(u),l(v)) for all u,v £ Vg (see 

232 Section [2]). 

233 We set the length n of any binary vector l(v) to the number of paths in £(G), and let the entries of l(v) 

234 indicate i>'s position with respect to the paths in £(G). Specifically, we start by numbering the paths in 

235 £(G) from one to n, which yields the paths Pi, . . . , P n . For each 1 < i < n we then select one component of 
23e D(G) \ Pi. Then we set the zth entry of l(v) to one if the face represented by v is in the selected component 

237 of D{G) \ Pi (zero otherwise). 

238 It remains to show that dc £ (u,v) = h{l(u),l(v)) for any pair u ^ v £ V. Since on any path of length k 
230 from u to v in Gg it holds that h(l(u),l(v)) < k, we have dG £ (u,v) > h(l(u),l(v)). 

240 To see that dc £ {u, v) = h(l(u), l(v)), it suffices to show that u has a neighbor u' such that h{l(u'), l(v)) < 

241 h(l(u),l(v)) (because then there also exists u" such that h(l(u"),l(v)) < h(l(u'),l(v)) and so on until v is 

242 reached in exactly h{l(u),l{v)) steps). The claim follows from the case distinction in the appendix. □ 

243 The Hamming labelling of Gg defined in the proof of Theorem 13.91 guarantees the following. 

244 Corollary 3.10. If G is well- arranged, there exists a one-to-one correspondence between the EAPs of G and 

245 the convex cuts of Gg . Specifically, the edges intersected by any EAP of G form a cut-set of a convex cut of 

246 Gg. Conversely, the cut-set of any convex cut of Gg is the set of edges intersected by a unique EAP of G. 
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4 Convex Cuts of Not Necessarily Plane Graphs 

248 In this section we assume that H' = (V,E) is bipartite (but not necessarily plane). As mentioned in 

249 Section [51 any edge e = {a, b) of H' gives rise to a cut of H' into W a b and Wba- The cut-set of this cut 

250 is C e = {/ G E | e 6 /} = {/ = € £7 | dji'(a,u) = dH>{b,v)}. In the following we characterize the 

251 cut-sets of the convex cuts of H' . This characterization is key to finding all convex cuts of a bipartite graph 

252 in G(\E\ 3 ) time. 

253 Lemma 4.1. Let PL' = (V, E) be a bipartite graph, and let e G E. Then C e is the cut-set of a convex cut of 

254 H ' if and only if f 9 f for all f, f G C e . 

255 Proof. Let C e be a non-convex cut of H' , and let e = {a, b}. Then there exists a shortest path P = {v\, . . . v n } 

256 with both end vertices in, say W a b, such that P has a vertex in Wba- Let i be the smallest index such that 

257 Vi G Wftu, and let j be the smallest index greater than i such that Vj G W^b. Then / = {i>j_i,«j} and 

258 / = are two edges in C e . Lemma 3.5 in |12| says that no pair of edges from a shortest path are 

259 related by 9, i. e., f 9 f does not hold. 

260 Conversely, let / = {u,v},f = {u,v} G C e such that / 9 f does not hold. Without loss of generality 

261 assume it G W uv , v G W vu and djj'(u,u) < dH>(v,v). Then dH>{v,v) — dH>{u,u) > 2. Indeed, du'iv, v) — 

262 dH'(u,u) must be even because otherwise one of the two distances dH'{u,u) and dH'{v,v) is even and the 

263 other one is odd. Hence, due to H' being bipartite and the fact that (adjacent) u and v are in different 

264 parts of H' , the vertices u and v are in the same part of H' , a contradiction to u and v being connected by 

265 / 6 C e . From dH'(v,v) — dH>{u,u) > 2 it follows that one can go from v to v, which are both in W vu , by 

266 first traversing /, then going from u to u within W uv , and finally traversing /. The length of this path is 

267 < djj'(v,v). Thus, C e is not a cut-set of a convex cut of H'. □ 

268 Lemma 14.11 suggests to determine the convex cuts of H' as sketched in Algorithm [TJ 

269 Theorem 4.2. Algorithm^ computes all cut-sets of convex cuts of a bipartite graph H' using 0(\E\ 3 ) time 

270 and 0(\E\) space. 

271 Proof. The correctness follows from Lemma 14.11 due to the symmetry of the Djokovic relation. For each 

272 candidate cut-set, one needs to determine if all pairs of contained edges are Djokovic related. 

273 Regarding the running time, observe that for any edge e, the (not necessarily convex) cut-set C e can 

274 be determined by using BFS to compute the distances of any vertex to the end vertices of e. Hence each 

275 C e can be determined in time 0(\E\). The inner for- loop has 0(\E\)) iterations. Each iteration has time 

276 complexity 0(\E\)) when using a linear-time set equality algorithm [10] (which requires linear space). Hence 

277 Algorithm [T] runs in C(|i?| 3 ) time. Moreover, each cut-set is processed sequentially. Since no more than two 

278 cut-sets (with C(|i?|) edges each) have to be stored at the same time, the space complexity of Algorithm [T] 
27. is 0(\E\). □ 

280 A simple loop-parallelization over the edges in line 3 would lead to a parallel running time of C(|i?| 2 ) 

281 with C(|i?|) processors. If one is willing to spend more processors and a quadratic amount of memory, then 

282 even faster parallelizations are possible. Since they use standard PRAM results, we forego their description. 

283 For the remainder of this section H denotes a graph (self-loops and degree-one vertices allowed). We 

284 subdivide each edge of H into two edges and thus get a bipartite graph H' . An edge e in H that is subdivided 

285 into edges e\, e^ of H' is called parent of e\, and e\, ei are called children of e. The Djokovic relation on 

286 H' is denoted by 9'. 

287 The next lemma characterizes the convex cuts of H in terms of the Djokovic relation on H' . The lemma 

288 does, however, not imply that the convex cuts of H can be derived from those of H' in polynomial time. 

289 Definition 4.3 (Relation r). Let e = {u e ,v e } and f = {uf,Vf} be edges of H . Then, erf if dii(u e ,Uf) = 

290 d H (v e ,Vf) =dll(Ue,Vf) = d H {v e ,Uf). 

291 Lemma 4.4. A cut of H with cut-set C is convex if and only if for all e, / G C either e r / or (exclusive 

292 or) there exists a child e' of e and a child f of f such that e' 9' f. 
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Algorithm 1 Find all cut-sets of convex cuts of a bipartite graph H' 



1: procedure EvaluateCutSets (bipartite graph H') 

> Computes the cut-set C e ; for each edge e 1 and stores in isConvex[i] if C e i is the cut-set of a convex 
cut 

2: Let e , . . . e m denote the edges of H'; initialize all m entries of the array isConvex as true 
for ! = l,,..,mdo 

Determine C e , = {f\...J k } 
for all p do 
Determine Cp 
if Cp ^ C e < then 

isCom/ea;[«] := false 
break 
end if 
end for 
end for 
end procedure 




Figure 5: (a) If there exists a shortest path from u e to Vf [v e to Uf\ with length djy(it e ,M/) (indicated by 
dashed lines), then the red [blue] children of e and / are not ^'-related, anymore. If both paths exist, no 
child of e is related to a child of / (and vice versa), and erf. (b,c) Illustration to proof of Lemma [5TT1 The 
red polygonal line indicates a convex cut of H, and the shaded region is R. In (b) we have R — R'. 



293 Proof. Let {a', b'} be child of e = {u e , v e }, let {c', d'} be a child of / = {uf, Vf} and assume without loss of 

294 generality that d#(u e , Uf) < dn> (u e , Vf). Then dn> (a', c') = dn> (&', d') if and only if either e r / or (exclusive 

295 or) there exists a child e' of e and a child /' of / with e' 9' f . Indeed, let dn 1 (a', c') = du' {b', d'). If dn 1 (a', c') 
29e is odd, i. e., the case shown in Figure [SJ then du 1 (u e , Uf) = dw (v ei Vf), and adding only one of the conditions 

297 dn{u e , Vf) = dn{u e , Uf) and dn{uf, v e ) = dn(u e , Uf) yields that only one child of e is ^'-related to only child 

298 of /. Adding the last condition results in e r / and no ^'-relations of children. If (a', c') is even, we cannot 

299 have erf and only one child of e is ^'-related to only child of /. Conversely, if e r /, then dH>(a',c') is 

300 odd, i. e., the case shown in Figure[SJ and dw (a', c') = djj> (V, a") for at least one pair of children {a', b'} and 

301 {c',d'}. If e' 6 /', the end vertices of a', b' of e' and c', d' of /' fulfill dy< (a', c') = c?//' (&', d') by definition of 9' . 

302 

303 Let C be the cut-set of a convex cut that partitions V into V\ and V2, and let e,f € C (see Figure [SJi). 

304 Thanks to the above it suffices to find a child {a',b'} of e and a child {c',d'} of / such that dH'(a',c') = 

305 dH'{b',d'). Let e = {it e ,t> e } and / = {iif,Vf}, and let w' e [w'f] denote the vertex of H' that subdivides 

306 e [/]. Without loss of generality we assume u e ,Uf G Vj and w e ,w/ G V2. Since C is the cut-set of a 

307 convex cut, we know that du{u ei Uf) and du(v e ,i>f) differ by at most one. If dn(v ei Vf) = du{u ei Uf), let 

308 {a', b'} = {u e , w' e } and {c', d'} = {w'pVf} (this is the case illustrated in Figure^). Then, due to the degrees 

309 of w' e and w'f being two, d^f(a',c') = d^/(u e ,Wj) = dH'(w' e ,Vf) = dH'(b',d'). If dii{u e ,Uf) and djy(u e ,w/) 

310 differ by exactly one, we may assume without loss of generality that dH{v e ,Vf) = dH{u e ,Uf) + 1. Set 

311 {a', 6'} = {w' el v e } and {c',d'} = {w'pVf}. Then, due to the degrees of w' e and w'f being two, d#/(et',c') = 
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312 d H > {w' e f w'f) = d H > (v e ,Vf) = d H > {b 1 ,d'). 

313 Conversely, let C be the cut-set of a cut that partitions V into V\ and V2. We now assume that for all 

314 e = {u e ,v e },f = {uf,Vf} G C that are not r-related there exists a child e' of e and a child /' of / such 

315 that e' 6' f. As above we assume without loss of generality that u e ,Uf G V\ and v e ,Vf G V2. There are four 
3ie possibilities for the positions of e' and /' within e and /, only two of which need to be considered due to 

317 symmetry. 

318 1. e' = {u e , w' e } and /' = {uf, w'A. In this case dH'(u e ,Uf) = dH'(w' e ,w'f) = dH'(v e ,Vf) ±2. 

319 2. e' = {w e ,uig} and /' = {uiy,v/}. Since the degrees of w' e and are two. and since e 1 6' /', any 

320 shortest path from u e to Wf runs via Uf, and any shortest path from w' e to Vf runs via v e . Hence, 

321 d H '(u e ,Uf) = d H '(u e ,w'f) - 1 = d H ,(w' e ,v f ) - 1 = d H '(v e ,Vf). 

322 Thus du{u e ,Uf) = dn{v e ,Vf) ± 1 for all e = {it e ,u e },/ = G C. Hence, any shortest path with 

323 end vertices in V\ [V2] stays within V\ [V2], i. e., C is the cut-set of a convex cut. □ 

32- 5 Convex Cuts of Plane Graphs 

325 Let G = (V, E) denote a plane graph without self-loops and degree-one vertices. Analogous to Section [U 

326 G' = (V ', E') denotes the (plane bipartite) graph that one obtains from G by placing a new vertex into the 

327 interior of each edge of G. Note that G and G' have the same faces. The method for finding all convex cuts 

328 of G in polynomial time that we present in this section is motivated by the following observations. 

320 1. The cut-sets of a non-bipartite graph H can be characterized in terms of r on H and 9' on H' (see 

330 Lemma 14.41) . 

331 2. Let C be the cut-set of a plane graph. Then one can brachiate through the edges of C by forming a 

332 cyclic sequence (eo, • ■ • e |C|-i = e o) such that for any pair (e,, ej+i) of consecutive edges there exists a 

333 face F with {ej,ei + i} G E{F) (indices are modulo |C|). Such a cyclic sequence, in turn, is equivalent 

334 to a cyclic sequence (Fq, . . . , F\c\-i), where the (unique) fj are such that {ei,e,+i} G E{Fi). The 

335 cut-set C is non-cyclical if and only if Fj = Foo for some i. 

336 The idea for the following is to gather cut-sets of potentially convex cuts of G by brachiating through the 

337 edges of G while checking r-relations on G and ^'-relations on G 1 . One of the problems is that the number of 

338 potentially convex cuts increases whenever one encounters an edge that is r-related to one of the edges that 
330 have been gathered already. The following lemma, which is based on the scenarios depicted in Figures EKc, 

340 helps to solve the problem. 

341 Lemma 5.1. Let H be a plane graph, let e = {u e ,v e }, f = {uf,Vf} be edges of H with erf, and let 

342 ficM 2 be the minimal region containing e, f, and the shortest paths from u e to Uf, from v e to Vf, from u e 

343 to Vf and from Uf to v e . If Hr denotes the subgraph of H whose vertices and edges are contained in R, then 

344 any convex cut of Hr with e and f in its cut-set can be extended to a convex cut of H in at most one way. 

345 In particular, a vertex w g" R belongs to the same part as Vf if and only if it is closer to Vf than to v e . 

346 Proof. Without loss of generality we may assume that the convex cut of Hr, denoted by (V^, V^), is such 

347 that u e ,Uf G Vjj and v e ,Vf G VS. We assume that (V U ,V V ) is a convex cut of H that extends (V^,V^), 

348 i. e., V% C V u and V%CV V . 

340 Let w be a vertex of H that is not in R. It suffices to show that (V^f, Vr) determines whether w G V u 

350 or w G V v . Indeed, let R' denote the smallest region containing e, /, as well as the shortest paths from u e 

351 to Uf and from v e tovf (see Figure [SJa). As in Figure [5}:, let P 9 [P b ] denote a shortest path from u e to Vf 

352 [v e to Uf]. If P 9 and P b intersect, at a vertex denoted by x, the part before and after x is denoted by Pf 

353 and Pf [Pi and P|] (see Figure [SJd). Finally, the length of a path P is denoted by \P\. Up to symmetry it 

354 suffices to distinguish between the following cases. 

355 1. P 9 and P b are fully contained in R' (see FigureJSb). In particular, P 9 and P b intersect at x. Assuming 

< |Pl 6 | yields that |P|| > |P|| (since e r / and thus |Pf| + |P|| = \P£\ + |P||). Hence, the 
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357 concatenation of Pf and P^ is a path from u e to Uf that is shorter than the one from v e to Vf, a 
contradiction to e r /. Hence, \P?\ = \P\\ and thus |Pf | = |P||. From \Pf \ + |P|| = |Pf| + |Pf | = 

359 dii(uf,u e ) and |Pf| + |P|| = \P b \ + \P% \ = dH{vf,v e ) it follows that the concatenation of Pf and Pf , 

360 as well as the concatenation of Pf and P| are shortest paths. One of the concatenations must be cut 

361 twice by (V^f , V£), a contradiction to (V^f, V§) being a convex cut of Hr. Hence, this case does not 

362 occur. 

363 2. P b is fully contained in R', but P 9 is not (see Figure [5}:). Let u* be the last vertex on a shortest path 

364 from u e to Uf that is also contained in P 9 . Furthermore, let w be a vertex of H that is not contained 

365 in R. and let P be a shortest paths between w and ut. We distinguish between the following cases. 

see (i) P enters R through a vertex u' of P 9 that is located between u e and it*. Hence, there exists a 

se? shortest path P' from to to uj that goes via it* . Let P" be the path that follows P' up to it* and 

368 then follows P 9 until it reaches vj. If P" is a shortest path, then w £ V u . Otherwise there exists 

369 a shortest path from w to Uf via u/, i.e., w £ V v . In particular, w belongs to the same part as 

370 Vf if and only if w is closer to Vf than to v e . 

371 (ii) P enters R through a vertex on P 9 that is located between u* e and the last vertex on P 9 before 

372 the cut. Let P" be the path that follows P up to u2 and then follows P 9 until it reaches Vf. If 

373 P" is a shortest path, then w € V™. Otherwise there exists a shortest path from iu to Uf via i>/, 

374 i.e., w £ V v . In particular, u> belongs to the same part as Vf if and only if w is closer to Vf than 

375 to v e . 

376 (iii) P enters P through any other vertex. Then the vertex of entry is in V v , and since v e € V w , it 

377 must hold that w £ V v and w is closer to Vf than to w e . 



3. Both P b and P^ are fully contained in R' . Same as above, but using only cases (i) and (ii). 



□ 




Figure 6: Illustrations to proof of Theorem 15.21 (a) Face Fq of G with distinct e! = {u' e ,v' e }, f = {u'f,v'f}, 
g' = {u' g ,v' g } £ E'(Fq). The green curves indicate shortest paths. One cannot have e'0'f and e'6'g' at the 
same time, (b) Only edges with a common color can form a cut-set of a convex cut. Cut-sets {eo, eu} and 
{eo, ei.r, e2.r}- (c) Illustration to item 4 in the proof of Theorem 15.21 The black curves indicate shortest 
paths and the labels on these curves indicate path lengths. 



3so Theorem 5.2. All convex cuts of G = (V,E) can be found using OdV^I 3 ) time and 0(\V\) space. 

381 Proof. Below we assemble cut-sets of potentially convex cuts of G by starting at an edge of G. This method 

382 finds at least all convex cuts of G such that erf does not hold for all e, / in the cut-set. We will deal with 

383 the remaining cuts later. 

384 1. Let Fq ^ Pqo be a face of G' and let e! = {u' e ,v' e }, f = {u'f,v'f}, g' = {u' g ,v' g } be distinct edges in 
sss E'(Fq). Then one cannot have e'O' '/' and e! 8' g 1 at the same time (see Figure [6^,)- Indeed, assuming 

386 the opposite, we may assume without loss of generality that u'f,u' g £ W u ' c v' e > f<, v' g £ ■ Moreover, 

387 there exists a shortest path from u' e to u' g that is contained in W U ' e v' e and a shortest path from v' e to v'f 
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that is contained in W v ' u ' . From G' being plane it follows, however, that the two paths intersect (in 
Figure [6^l the two paths intersect at the vertex w), a contradiction to the fact that W U ' V ' and W v > u i 
are disjoint. 

2. Let Fq ^ Foo be a face of G' and let eo G E(Fq) (see Figure^). Furthermore, let e ; = {vo,i, w' } and 
e'o r — {w'oi vo.r} be the two children of eo. Here vq.i [vo,r] is the left [right] vertex of eo when looking 
onto eo from the (unique) face ^ Fq that bounds eo, and w' is the vertex in G' that subdivides eo. As 
in Section H C', = {/' G E' I e' 9' /'} is a cut-set of G' for all e' G E'. Due to item 1, C , \C, ] 

e 0,l e 0,T 

contains two edges of E'(F'), i. e., e' ; [e r ] and an edge denoted by e[ t \e' x r ]. We denote the parent 

of e 'l,i K.rl b y e l,l l e l,r\- 

3. If the two parents ei,; and ei )r are identical, Lemma 14.41 in conjunction with item 1 above yields that, 
if eo belongs to the cut-set of a convex cut, then e^/ must belong to the same cut-set. 

4. Assume that parents ei,; and e\. r are different. We now show that there can exist at most one convex 
cut whose cut-set contains eo and e\, r . We also show how one can find this convex cut. An analogous 
result then also holds for the branch containing eo and ei >r . Let F\ denote the unique face with 
ei >r G E(F\) and F\ ^ Fq (see Figure |6p). Furthermore, let /{ r denote the sibling of e[ r , i.e., the 
unique other edge whose parent is ei r . To simplify the following, we color the cut-sets C, , C, and 

C 0,l e 0,r 

C'j, as in Figure [BJd, i.e., red, blue and green, respectively. If we assume that there exists a convex 
cut of G with a cut-set containing eo and ei. r , then Lemma 14.41 in conjunction with item 1 above yields 
that the cut-set contains exactly one edge in E{F\) other than ei iT . and that this edge, denoted by e2, r , 
either has a blue child or that the children's colors are red and green. In the first case all edges in the 
cut-set considered so far have a blue child. This is the case illustrated in Figure (6Jd. The second case 
does not occur. Indeed, consider the path P formed by the edges e[ l (red), e[ r (blue), and /{ r (green) 
in this order. The second case implies that there exists a path P* that consists of the three edges e' 
(blue), e' 2 r (red), and f 2 r (g reen ) m this order. With the notation in Figure [5J: let k be the length of 
a shortest path between v\ and i>2- Then, f[ r 6' j' 2 r implies that there exists a shortest path between 
xi and it2 with length k + 2 (recall that the gray vertices have degree two). Furthermore, e[ r 6' e' 2 r 
implies that that there exists a shortest path between u\ and u 2 with length k — 2. Hence, there exists 
a path from to w' 2 via v%, u\ and U2 that has length k + 1, a contradiction to f[ r 9' f' 2r . 

5. An iterative application of the previous item yields that eo can be in the cut-set of at most two convex 
cuts, and that these potentially convex cuts can be determined in time 0(|i?|) = C(|V|) and space 
0(|-E|) = C(|y|) once the cut-sets C', . C', and C', have been determined which, in turn, can be 

done in time C(|y|) and space 0(|V|). As in Theorem 14.21 it now follows that all convex cuts with 
r-free cut-sets can be found in time C(|F| 3 ) and space 0(|V^|). 

We now deal with convex cuts whose cut-sets contain r-related edges. When we assemble cut-sets of 
potentially convex cuts, as above, and when we encounter an edge / with e r /, we extend the potential cut 
in the only possible way according to Lemma T5.1[ i.e., a, w $ R belongs to the same part as vf if and only 
if it is closer to Vf than to v e . This can be done in 0(|V|) time by BFS starting at v e and BFS starting at 
Vf. In particular, total time C?(|V|) is not increased. □ 



6 Conclusions 

We have presented an algorithm for computing all convex cuts of a plane graph in cubic time. To the best 
of our knowledge, it is the first polynomial-time algorithm for this task. On the way to this result, we 
first represented alternating cuts as plane curves (EAPs) and focussed on a subset of ^-graphs for which 
the EAPs basically form an arrangement of pseudolines. Thus we came across a one-to-one correspondence 
between the EAPs of a graph G and the convex cuts of a bipartite graph Gg, one half of which is G. A 
similar correspondence on general graphs, in conjunction with an algorithm that computes all convex cuts 
of a bipartite graph in cubic time, formed the basis for our algorithm to compute all convex cuts of a general 
plane graph in cubic time, too. Consequently, while the problem is AfV-h&rd for general graphs, we have 
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435 shown that it becomes polynomial-time solvable for plane graphs. In future work we would like to investigate 
43e if the convexity test for potentially convex cuts can be accelerated asymptotically. It seems also worthwhile 
437 to apply the techniques based on the Djokovic relation to other graph classes. 
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470 A Appendix 

471 A.l Proof Remainder of Theorem 13.91 

472 Proof. Let F u denote the facet of £ (G) that is represented by u, and I(u) denote the set of indices of paths 

473 in £{G) that bound F u . 

474 1. If u has only one neighbor it', then /(it) = {k} for some k, and the only vertex in one of the components 

475 of D(G) \ Pk is u. For an example see the black vertex in the upper left corner of Figure[4}}. Since l(u) 
47e and l(u') differ only at position k, it must hold that h(l(u'),l(v)) < h(l(u),l(v)). 

477 2. If u has at least two neighbors, we first assume that none of the P^ with k £ /(it) cross each other 

478 (see Figure Oi). Then u is uniquely determined by the entries of l(u) at the positions given by I{u). 

479 Indeed, F u is then bounded by non- intersecting and non-self-intersecting paths in £(G) that go from a 

480 point on the border of D(G) to another point on the border of D(G). Hence only a vertex inside F u 

481 can have the same entries in /(•) as l(u) at the positions given by /(it). Thus, since it is the only vertex 

482 in F u and since l(u) and l(v) must differ at a position in /(it), and we are done. 

483 3. The remaining case is that it has at least two neighbors and there exists at least one pair £ 

484 I(u) x I(u), i 7^ j, such that Pi crosses Pj. Let C denote the set of all such pairs. For any pair 

485 (i, j) £ C the path Pi crosses the path Pj exactly once, because £{G) is an arrangement of alternating 

486 paths (see Figure^). Thus Pi and Pj subdivide D(G) into four regions, each of which is characterized 

487 by one of the four 0/1 combinations of vertex label entries at i and at j. We may assume that v is 

488 contained in the same region as u for each pair £ C (otherwise we choose it' on the other side of 

489 Pi or Pj and are done). The intersection of all these regions, one region per pair in C, is denoted by 
R. 
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491 If all pairs £ I(u) x I(u), i ^ j, are in C, we are done. Indeed this means that R = F u and 

492 thus that u is uniquely determined by the entries of l(u) at the positions given by I{u). We can then 

493 proceed as above. The remaining case is that there exist i £ I(u) such that Pi does not intersect any 

494 Pj with j £ I(u),j ^ i (see Figure[7t). Let the set of these indices be denoted by I'{u). In particular 

495 the facets of £{G) that are contained in R are separated by the paths Pi with i £ /'(it). Recall that 

496 we assumed it ^ v, u,v £ R, i. e., u and v are contained in different facets of R. Since the paths Pi 

497 with i £ /'(u) do not cross each other, the entries of l(u) and l(v) differ at all positions in /(it), and it' 

498 with h(l(u'), l(v)) < h{l{u), l(v)) can be reached from u by crossing a single path Pi with i £ I'(u). 

499 O 




Figure 7: (a) Illustration to item 2) in proof of Theorem 13.91 (b,c) Illustrations to item 3) in proof of 
Theorem 13.91 The shaded facet in (c) indicates R. 
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